DENSITY OF MILD MIXING PROPERTY FOR VERTICAL 
FLOWS OF ABELIAN DIFFERENTIALS 



KRZYSZTOF FR^CZEK 



Abstract. We prove that if 3 > 2 then the set of all Abelian differentials 
(M, uj) for which the vertical flow is mildly mixing is dense in every stratum 
of the moduli space Tig. The proof is based on a sufBcient condition in [3] 
for special flows over irrational rotations and under piecewise constant roof 
functions to be mildly mixing. 



1. Abelian differentials and direction flows 

For every natural g > 2 let Hg stand for the moduli space of equivalence classes 
of pairs (M, uj) where M is a compact Riemann surface of genus g and is a nonzero 
holomorphic 1-form on M (an Abelian differential). Two pairs (M, and (M' ,lo') 
are identified if they are mapped to one another by a conformal homeomorphism. 
The space Hg is naturally stratified by the subsets Hg(mi, . . . , m^) of Abelian 
differentials whose zeros have multipHcities mi,...,mK. By the Euler-Poincare 
formula mi + . . . + = 2g — 2. Every stratum Tig (mi, . . . , m^) is a complex- 
analytic orbifold of dimension 2g + k — 1. Moreover, 'Hg{mi, . . . , m^) possesses a 
natural Lebesgue measure v. Let us denote by {Us)s<^wl the periodic continuous fiow 
on Tig defined by Us{w) — e^^LO. 

For every 6* € C such that \Q\ — 1, the Abelian differential determines the 
direction field ve : M TM so that uj{ve) — for all points of AI except the 
zeros of uj which are singular for ve . By the direction fiow we will mean the fiow 
jr9 ^ jTuj^e generated by vg. The fiows and are called horizontal and vertical 
respectively. Direction fiows preserve the volume form AZJ on AI which vanishes 
only at zeros of uj. This form determines a finite volume measure fi^j which is 
invariant for all direction fiows. 

A separatrix of joining two singularities (not necessarily distinct) is called a 
saddle connection of JF^. Recall that in every stratum for a.e. Abelian differential 
(M, w) the vertical and the horizontal fiows have no saddle connections. 

We are interested in ergodic (mixing) properties of the vertical fiow JF* for g >2. 
Avila and Forni proved in [Tj that for ^/-almost all {M,lu) G Hg{mi, . . . ,171^,) the 
vertical fiow is weakly mixing with respect to the measure fiui- It follows from 
Katok's result in [5] that direction fiows are never strongly mixing. 
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In this paper we will restrict our attention to the mild mixing property for T"^ . A 
finite measure-preserving dynamical system is mildly mixing (see [4j) if its Carte- 
sian product with an arbitrary ergodic conservative (finite or infinite) measure- 
preserving dynamical system remains ergodic. It is an immediate observation that 
the strong mixing of a dynamical system implies its mild mixing and mild mixing 
implies weak mixing. Recall that a measure-preserving fiow (rt)tgR on {X,13,fi) 
is rigid if there exists i„ +00 such that fi{Tf^^AAA) for all A £ B. It 
was proved in [4] that a finite measure-preserving fiow is mildly mixing if and only 
if it has no non-trivial rigid factors. Using the same methods as in the proof of 
Theorem 1.3 in |10j, one can prove that for almost every (Af, lo) e Ti.g{mi, . . . , m^) 
the vertical fiow is rigid. It follows that the set Hmm of (M, uj) G Ti.g{mi, . . . , m^) 
for which the vertical fiow is mildly mixing is of measure zero. Nevertheless, we 
prove that Hmm is dense in every stratum Hg{mi, . . . (see Theorem [121) ■ 

The proof of the density of Hmm is based on three components: a polygonal 
representation of Abelian differentials described in Section [2] where we follow [12\ . 
the Rauzy-Veech induction (Section [U and a sufficient condition in [3] for special 
fiows built over irrational rotations and under piecewise constant roof functions to 
be mildly mixing (see Proposition [8]) . The proof consists of two main steps. In the 
first step, using the Rauzy-Veech induction, we prove that a typical Abelian differ- 
ential is approximated by Abelian differentials whose vertical fiows are isomorphic 
to step special fiows built over three intervals exchange transformations and under 
roof functions constant on the exchanged intervals (see Lemma fTO]) . In the second 
step we apply the main result of [3]. It says that a special fiow built over an irra- 
tional circle rotation by a and under a three steps roof function (with one jump at 
1 — a and one jump at some point £_) is mildly mixing for a dense set of the data 
(a, ^ and heights of the steps). Using the Rauzy-Veech induction again, it follows 
that the same result holds for step special fiows over exchanges of three intervals, 
i.e. such special fiows are mildly mixing for a dense set of data (see Corollary [9]). 



2. Interval exchange transformations and a construction of Abelian 



In this section we briefiy describe a standard construction of Abelian differentials. 
For more details we refer the reader to [12] and |13j . 

2.1. Interval exchange transformations. Let ^ be a rf-element alphabet and 
let TT = (ttq, TTi) be a pair of bijections tt^ : ^ ^ {1, . . . , d} for e = 0, 1. We adopt 
the notation from [TJ]. The set of all such pairs we will denote by Pa- Denote by 
the subset of irreducible pairs, i.e. such that tti o n^^ll, . . . , k} ^ {1, . . . , k} for 
1 < A: < d. Let stand for the set of irreducible pairs such that tti o-KQ^{k + l) =/= 
TTi o nQ^{k) -I- 1 for 1 < fc < d. 

Let us consider A — {\a)aeA G K+ \ {0}, where M_|_ = [0, -l-oo). Let 
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|A| = E ^' 



I ^ [0, |A|) and 



a — 
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Then \Ia\ — Xa- Let JItt stand the matrix ['^a p]a,t3eA given by 

{+1 if 7ri(Q;) > TTiiP) and 7ro(a) < 7ro(/3) 
— 1 if 7ri(a) < 7ri(/3) and no{a) > 7ro(/3) 
in all other cases. 

Given (A, n) G R:^ x let T(^x,Tr} ■ [0, |A|) — > [0, |A|) stand for the interval exchange 
transformation (lET) on d intervals la, a & A, which are rearranged according to 
the permutation tt, i.e. = x + Wa for x G la, where w = Jl^A. 

Definition. Let dia stand for the left end point of the interval la- A pair (A, vr) 
satisfies the Keane condition if TJ^^^^-^dla 7^ dip for all m > 1 and for all a, (3 £ A 
with 7ro(/3) ^ 1. 

It was proved by Keane in [6j that if tt e then for almost every A the pair 
(A, tt) satisfies the Keane condition. 

2.2. Construction of Abelian differentials. For each n £ denote by 
the set of vectors r = {Ta)aeA G IR-^ such that 

(1) ^ Ta > and ^ Ta <0 for all 1 < fc < d. 

7ro{a)<k 7ri{a)<k 

Denote by the set of r e for which 

(2) Kr\k) = Kr\k+i) = =^ t^-i^^) ■ ^^7'{k+i) > for 1 < fc < d, e = 0, 1. 

Of course, TJ' and 7^_^ are open convex cones. 

Assume that r S Tj'^ and set (a = Xa + iTa G C for each a ^ A. Let r(7r, A, t) 
stand for the closed curve on C formed by concatenation of vectors 

with starting point at zero. The curve r(7r, A, r) determines a polygon P{n, A, r) on 
C with 2d sides which has d pairs of parallel sides with the same length. Condition 
(HJ means that the first d—1 vertices of the polygon J2k=i Cq^^/c)' J — ■ ■ ■ t'^^^ 
are on the upper half-plane and the last d—1 vertices J2k=i CTr-'^(k) 'J ~ l,---,d— 1 
are on the lower half-plane. 

Definition, (see |l2j and |i5j) The suspension surface M{tt, A,t) is a compact sur- 
face obtained by the identification of the sides of the polygon P{'k, A, r) in each 
pair of parallel sides. The surface M{it, A, r) possesses a natural complex structure 
inherited from C and a holomorphic 1-form oj determined by the form dz. Therefore 
M(7r, A, t) can be treated as an element of a moduli space. 

The zeros of u correspond to the vertices of the polygon P{n, A, r) and the 
vertical flow J-^ moves up each point of P(7r, A, t) vertically at the unit speed. Note 
that for every s G E, taking As + iTs — e**(A + ir), 

(3) if A,, e and t,, e T+ then M{tt, \,,t,) = U,M (tt, A, t). 
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2.3. Zippered rectangles and a special representation of the vertical flow. 

Suspension surfaces can be defined in the terms of zippered rectangles introduced 
by Veech [9]. For every (tt, A, r) with r G 7^^^ let us consider the vector h = h[T) = 
—^TjT. In view of H]), h e M.-^. Here the surface M(7r, A,t) is obtained from the 
rectangles /q. x [0, ha\, a G -4 by an appropriate identification of parts of their sides. 
For example, the interval x {ha} is identified by a translation with T(^ x)Ia x {0} 
for all a G ^ (see [9j for details). 

In this representation the vertical fiow J-"* moves up each point of zippered rect- 
angles vertically at the unit speed which yields the following fact. 

Lemma 1. // r G 7^^^ then the vertical fiow on M{tt,X,t) has a special represen- 
tation over the interval exchange transformation T(^tv,\) and under the roof function 

i.e. the vertical fiow and the special flow T^^^ are isomorphic as measure-preserving 
systems. 

We will also need the following results. 

Proposition 2 (see Proposition 3.30 in [T^ or [TJ)- If fni > for i — 1, . . . , k 

then v-almost every {M,uj) G 7ig(mi, . . . , m„) may be represented in the form 
M{tt, a, t), where #A = 2g + K-l. 

Remark 1. By the proof of Proposition 3.30 in [13], we can choose tt from Vj^. 

Proposition 3 (see [9] and pi]). For fixed tt all Abelian differentials M{t:,\,t) 
lie in the same stratum Tig (mi, . . . ,771^) and the map 

n{^) = {tt] X (M+ \ {0})-^ X r+ 3 (tt, a, r) ^ M{n, \t) e Hgimi, . . . , m„) 

is continuous. 

3. Rauzy- Veech induction 

In this section we describe the Rauzy- Veech induction renormalization procedure 
introduced for lETs by Rauzy in and extended to zippered rectangles by Veech 
in [9]. 

Let (tt. A) g X {R^ \ {0}) be a pair such that A^-i(^) ^ K-^d)- Set 



e(A,7r) 



if A^-l/^^ > A^-i/^N 

TTq (d) TTj (d) 

1 if K-'(d) < K-'(d)- 



We say that (tt. A) has type e(A, tt). For e = 0, 1 let : — > be defined by 
-Re(7i'o,7i'i) = (7^0,71"^), where 

7r^(a) — 7Te{a) for all a G ^ and 

{7ri_e(a) if 7ri_e(Q:) < 7ri_e o 7r7i((i) 

7ri_£(a) + 1 if 7ri_e o 7r7-^(d) < 7ri„e(a) < d 
TTi-eTT^^id) + 1 if 7ri_e(Q:) = d. 

Moreover, let 9,r,e = [Qai3]a,f3£A stand for the matrix 

1 if a = /3 
0Q/3 — { 1 if a = T^il^id) and f3 — n^^{d) 
in all other cases. 
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The Rauzy-Veech induction of T'(A,7r) is the first return map T' of T(^x.tt) to the 
interval 

^M\-^HK-\dyK-\d))) ■ 

As it was shown by Rauzy in [8J, T' is also an lET on d-intervals, hence T' — r(A'.7r') 
for some (A',7r') £ x {R^ \ {0}). Moreover, 

(A', tt') ^ {R,TT, e;,^;X), where e = e(7r, A), 

and B* denotes the conjugate transpose of B. This renormalization procedure 
determines the transformation 

i? : n X (M^ \ {0}) ^ n X (Mf \ {0}) , i?(7r, A) = (i?,(.,A)7r, e-i*^^^)A) 

whenever A^-i^^^ 7^ A^-i^^^. Therefore the map R is well defined for all (tt, A) 

satisfying the Keane condition. Moreover, i?(7r, A) fulfills the Keane condition for 
each such (tt. A). Consequently, i?"(7r, A) is well defined for all n > 1 and for all 
(tt. A) satisfying the Keane condition (see [14] for details). 

3.1. Rauzy graphs and Rauzy-Veech cocycle. 

Definition. Let us consider the relation ~ on for which tt ~ tt' if there exists 
(ei, . . . ,efc) £ {0, 1}* such that tt' — R^^ o . . . o R^-^tt. Then is an equivalence 
relation; its equivalence classes are called Rauzy classes. 

Of course, for each Rauzy class C C V^, the set C x is /^-invariant. 
Definition. A pair tt e is called standard if tti o ttq"^ (1) = d and tti o ttq"^ (d) = 1. 
Proposition 4 (see i8j). Every Rauzy class contains a standard pair. 

Denote by 8 : C x R-^ GL{d,Z) the Rauzy-Veech cocycle 

Q{tt, A) = QTr,e(TT,X)- 

If (vr', A') = i?"(7r,A) then A' = e^^H^r, A)-i*A, where 

e(")(7r, A) = e(i?"-i(7r, A)) • e{k'-^{Tr, A)) • . . . • e(i?(^. A)) • e(7r, A) 
Remark 2. For every A e (M+ \ {0})'^ we have e(7r, 6J ,.A) = e. Indeed, 

aeA 

and hence (e;^A)^_i|,^j > (8;^A)^_i Therefore ^(77,6* ,,A) {R^tt,X). 
Now assume that (tt'. A') = 7?(7r, A). Then for every A" e (M+ \ {0})-^, 
R{7T, eiiT, A)*A") = RiiT, e:^^.(,^,)A") = (i?,(,,A), A") = (tt'. A"). 
It follows that for every (tt. A), n > 1 and A" G (K+ \ {0})-^ 

(7r',A') = i?"(vr,A) implies i?"(7r, G^") (tt. A)* A") ^ (7r',A"). 
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3.2. Extended Rauzy-Veech induction. For every Rauzy class C C Pj^ let 

HiC) = {K A,t) : ^ g C, a e \ {0},T e T+}. 
By the extended Rauzy-Veech induction we mean the map TZ : ?i(C) W(C), 
7^(7r,A,r) = (i?s(.,A)7r, G^^^^^^^^) A, G-^^^^^^r) - (i?(7r, A), e-i*(^, A)r). 

By Lemma 18.1 in |12j, if (7r',A') = 7?(7r, A) then e"i*(7r, A)t e T^t, and hence 
TZ : H(C) ^ '^(C) is well defined almost everywhere. Moreover, for every n > 1 

if {tt', a', t') = 7t"(7r, A, r) then A' = e^"^^, A)-i*A and r' = e("'(^, A)-i*t. 

Lemma 5 (see e.g. Section 18 in p^). M(7t"(7r, A, t)) and M(7r, A, r) are i/ie same 
elements of the moduli space. 

Denote by (7^)sgR the Teichmuller flow on 7i(C), 

7;(7r,A,r) = (tt, e"A, e'V). 

The set 'H{C) — {(tt, A, r) £ 'H(C) : |A| = 1} is a global cross-section for (7^)sgR. 
Let tR -.HiC) ^ R+ be defined by 

ifl(7r, A, t) = — log ^1 — X^-i (d)/\M^ whenever (tt, A) has type e. 

If 7^(7r,A,r) = (7r',A',r') then ii?(7r,A,T) = - log(|A'|/|A|) and |A| = e'^^'^'^^^^jA']. 
Let us consider the Rauzy-Veech renormalization map TZ : Ti-iC) W(C) given by 

7^ = 7^ o 7;,(,,A,r)(vr, a, r) = {tt', A7|A'|, r'|A'|). 

Let m stand for the restriction of the measure dndiXdr to the set Ti.{C), where dn 
is the counting measure on V^, diX is the Lebesgue measure on 

= {A e (R+ \ {0})-^ : |A| = 1} 

and dr is the Lebesgue measure on R-^. 

Theorem 6 (see Corollary 27.3 in [12J). For every Rauzy class C C Vj^ the measure 
m is an TZ-invariant ergodic conservative measure on Ti{C). 

3.3. Different special representations of the vertical flow. Fix (tt, A,t) £ 
ii{G). Recall that the vertical flow JF* on M(7r, A, t) has the special representation 
over ^(Tr.A) and under fh : I ^ M+, where h — h{TT,\,T) = —fly^T G R'^. Let 
(tt', A', r') = 7^(7r, A, r) and h' = -O^-r'. In view of = e(7r, A) fl^ e*(7r, A) (see 
Lemma 10.2 in [12]), 

h' = -n^,T' ^ -n^, e"i*(7r, A)r ^ -e(7r. A) Q^t = e(7r, X)h. 

Since Af(7r, A, r) and M{tt',\\t') are the same elements of the moduli space, the 
special flows and T^^, are isomorphic. In fact, a more general result holds. 

We leave the proof of the following simple lemma to the reader. 

Lemma 7. For every interval exchange transformation T(^-!t,x) o-'nd h € the 
special flows Th ,s and Tj^'"'^/''^ are isomorphic. 



DENSITY OF MILD MIXING PROPERTY FOR ABELIAN DIFFERENTIALS 



7 



4. Special flows over irrational rotations and exchanges of three 

intervals 

Let A C M be an additive subgroup. A collection of real numbers xi,. . . ,Xk 
is called independent over A if aiXi + . . . + akXk = for ai, . . . , Ofc S A implies 
ai = . . . = afe = 0. 

Remark 3. Let : [0, 1) — > [0, 1) be an ergodic rotation TaX — x + a. Since the 
set Q + Qa is countable, the set of all {xi, . . . , xt) G such that xi, . . . , Xfc are 
independent over Q + Qa is Gg and dense. Denote by DCi the set of irrational 
numbers a G [0, 1) which satisfy the following Diophantine condition: there exists 
c > such that \p — qa\ > c/q for all p € Z and q Zi \ {0}. Since DCi is dense in 
[0,1), the set 

m = {{a, e) e [0, 1)2 : a G DCi, e G (Q + Qa) \ (Z + Za)} 
is dense in [0, 1)^. 

Given S = {St)t£TSi a measure-preserving flow and s > 0, we denote by the 
flow {Sst)t£R- As a consequence of Theorem 1.1 in [3j and Corollary 23 in we 
obtain the following. 

Proposition 8. Let (a, ^) G 97t and let oi, 02, 03 G M 6e independent over Q + Qa 
and such that f — ai + a2X[o.i) + fl3X[o.i-a) > 0. T/ien the special flow built over 
Ta and under the roof function f is mildly mixing. Moreover, the flows T/ and 
(T/)* are not isomorphic for all positive s ^ 1. 

Let A — {a, 6, c}, 

I a b c \ I a b c \ ( a b c \ . 

^^^{c b a)^^'^{h c a j ' = (, c a 5 j ^"'^ 

= = A^ = {A G A^ : Aa < A^}, A^j = {A G A^ : A^ > Ac}. 
Let us consider four functions : Aj^ [0, 1]-^, 7 G {/, 0, 1} deflned by 

Pl{Xa^ , ^c) — (1 ^a, 1 -^c), Pr (-^a , ^fc , ^c) — (-^c, ^a) , 

/ \ I -^c -^a 

P0[Xa,Xb,Xc) = — — , — 

\ -L Xa 1 

Obviously, p^ : Aj^ — > /^(A^) is a C°°-diffeomorphism and pj{A'y) C [0, 1]^ is open 
for J = l,r, 0, 1. Let 

n = TTi 

IT — TTr 

TT — TTs and A G A^ 
n — TTs and A G A^. 

Let us consider p : x A^ [0,1]^ given by p{n,\) ~ p^(7r.A)(A). We will use 
the notation (a(7r. A), ^(tt. A)) for p{'K,X). 

Corollary 9. For every n G V^, A G A^ and h G if p{t^, A) G 9JI and hi, h2, hs 
are independent over Q + Qa(7r, A) then the special flow t/^ is mildly mixing. 



, Pl[Xa,Xb,Xc) ^ [- ,- ). 



7(7r, A) = 
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Proof. We will prove the claim for the cases r and 0. In the remaining cases the 
proof is similar, and we leave it to the reader. 

Suppose that tt = tt^, A e and /i e . Then T^^, A) is isomorphic to the 
circle rotation by Ac = a(7r, A) and 

fh = ha + {K - ha)X[0,\a) + (^c - h)X[Q,l-K) 

= ha + {hb - ha)X[0,i(TV,\)) + {he - hb)X[0,l-a{Tr,\))- 

Suppose that p(7r, A) = (a(7r, A), ^(tt, A)) G 9Jl and ha,hi,,hc are independent over 
Q + Qa(7r, A). Then ha, hb — ha, he — hb are independent over Q + Qa(7r, A). Now 
Proposition [8] implies the mild mixing 

Next, suppose that tt = tt^, A e A^, h G M.-^. Then (tt, A) has type 0. Let 
(tt', A') = R{ti, A) and h' = e(7r, \)h. Thus tt' = tt^, 

A' = 6(7r, A)"^*A = (Aa, A^, Ac - \a) and /i' = [ha + ft-c, ^fc, h^). 

By Lemma [3 the special flows T^^!^ and T^^'"' are isomorphic. Note that 

p{^r, A'/IA'I) = p.(A'/|A'|) = p. = po(A) = p{^, A). 

Suppose that p(7r, A) G and ha,hb,hc are independent over Q + QQ;(7r, A). It 
follows that ha + hc, hb, he are independent over (!2 + (Q)Q:(7r, A). Since p{'Kr, A'/|A'|) — 
p{n,X) and a(7rr, A'/| A'|) = a{7r,X), we have p(7rr, A'/|A'|) G 3Jt and h'a,h'b,h'f. are 
independent over Q + Qa(7rr, A'/|A'|). By the flrst part of the proof, the special 
flow T^^ A7|A'|) ^® mildly mixing. It follows that T^^ and hence is mildly 

mixing. □ 

5. Mild mixing of vertical flows 

Let ||x|| = X^qg^ \^a\ fo'^ every x G R"^. For every matrix B — [ba/^japGA with 
positive entries let ^{8) — maxa.js^^^Aba p/ba^y- Then 



(4) 



BX' 


BX 


\BX\ 


\BX\ 



<i/(B)2||A-A'|| for all A,A'gA^. 



We will denote by Arg : C \ {0} — > {—tt, tt] the principal argument function. 
Recall that for every zi,Z2 with nonnegative real parts we have Arg(zi + Z2) — 
Argzi + ArgZ2 and Arg(zi) = - Arg(zi). 

Let A = {1, . . . ,d}, d > i. Assume that tF G is a standard pair such that ttq 
is the identity. Let 

Z{tt) = {{tt, a, r) : Ai = . . . = Xd-3 - 0, {n, X, r) G n{C), t G T+J. 

Lemma 10. The set {M(7f, A,t) : (tt, A,t) G Z{7r)} is dense in M{'H{C)). 

Proof. The proof consists of four steps. In the flrst step, using the extended Veech- 
Rauzy induction, for almost every (tt, A, r) G 'W(C) we flnd a representation of 
M{tt,X,t) which is given by (tt, A("\ t(")) = Tt'^" (tt, A, r) so that the flrst d- 
3 sides of the polygon P(7f, A*^"', t^")) are almost parallel. In the second step, 
(tt, A("),t(")) is perturbed to get (tt , A^ t^")) such that the flrst d-3 sides of 
the polygon P(7f, A^ r'"^) are parallel. To describe this perturbation we will 
need two auxihary substeps passing by 

(A("),f(")) = (A("V|A^"^|,t(")|A(")|), (AP("),f(")) = (Ap("V|A^"^|,t(")|A(")|). 
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In the third step, (tt, t'"^) is rotated by an angle On {On ^ as n ^ oo) 

to obtain (tt, A"^ r'' e HiC) so that the first d-3 sides of the polygon 
P(7f,A''("\T'^(")) are vertical, hence (tt. A'' r'' G Z{Tr). In the final step, 
we show that M(7f, A"" r*" ("^) M(7r, A, t). In order to do this, applying the 
inverse of the renormalization, we prove that 

(^,A^("\r) =71-'="(^,Ap("\t("') ^ {tt,X,t). 

In view of ([3]), it follows that 

M(7f,A''("),T'-(")) =We,.Af(7f,A''("\r(")) = W0„M(7r,A^("\r) -> A/(7r,A,T). 

Step 1. Let An stand for the set of (tt, A,t) e 'H{C) such that 



(5) 
(6) 



Aj > 0, 4^ > 1, - V Tfe > — for i = 1, . 
Ai - 777^ '^1 



Ai A, 



< - for j = 2, , 
n 



, c? — 3, Tj < for j = d — 2,d— l,d, 



(7) 



A 

— VTfe+Ad_2 + Ad-l < 1. 
Tl 

fc=l 



Note that if (tt, A, r) £ An then the first c? — 3 sides of the polygon P{tt, A, r) 
are almost parallel. Setting A = . . . , l/d), Tj = 2/d for j = 1, . . . , d — 3, 

Td-.2 = Td~i = —l/2d and Td = —3, since 7f is a standard pair, we get (tt, A, r) £ A„. 
It follows that An is a nonempty open subset of H{C) and hence m{An) > 0. 

By TheoremEl using standard Veech arguments (see [TDl Ch. 3]), there exists F > 
and a measurable subset B C 'H(C) such that m{B'^) = and for every (tt, A, r) £ 
-B there exists a sequence fc„ ^ +oo such that T?.*^" (tt, A, r) e A„, 9*^'^"^ (tt, A) has 
positive entries and v{Q^^^\'k,\Y) < T. Let (tt, A^"), r(")) = 7^'=" (tt, A, r) and 

(^,A("\f(")) =7e'="(^,A,T) = (7f,A("V|A^"^|,r(")|A(")|). 

Since (tt, A^"), f G Am we have 



(8) 



~(n) \(") 



(9) 



< - for i 2, . . . , d - 3, f j"^ < for j = d - 2, d - 1, d, 



A 



(n) ci-3 



~(n) 



(10) 

'''l ' k=l 

Moreover, r(") e i/^ . From ([8]) and Jg]), we have fj"^ > for j = 1, . . . , d - 3. 
Step 2. Let us consider A^f") e M"^ with 



A 



p(n) _ 



Af) 

l-E,ti'A^^"^ 



if j = 1, . . . , d - 3 

if j = d - 2, d - 1 
if J = d. 



K. FRACZEK 



It follows from ^ that A^^") G A^. Since 
obtain 



< n and Tfe- < 1, we 



1 \P(")\(") \(") \(n) \(") 

|A?^"^-Al")|<i^^.^^<^for, = l,...,.-3, 



and hence ^"^ - a|;"^ | < 1/n. Therefore, || A^ (") - A(") || < 2/n. Moreover, by 



(11) 



7fl(fc)<i "^fe 



E 



(") 

ffl(fe)<j ^fc 



> 



*i(fc)<j 



Let AP(") = |A(")|Ap("). As t(") e iJ^, we have (tt, AP("\r(")) G 7t;(C). Since 
r(") = f(")/|A(")|, by (gl, © and HH), we obtain 



.(«) 



(12) ^ 



> 



^p(n) - ^(n) - |A(nrp ^ov J = 1, . . . , d ^ 3, rj"^ < for J - - 2, d - 1, d 



and 



(13) 



ffi(fc)<j 'fc 



*i(fc)<i '^fc 



p (") 



\P(") |A(")|2 



> 



(n) 



-/TTi {k)<j k 

1 



(") 



1 



(n) 



~|") |A(")|2 ^(n) |A(«)|4 



for j = 1, . . . ,d. 
Step 3. Let 



0n = 7r/2 - Arg(A(") + ir^"^) = Arg(T}") + zA^"^) > 0. 
Since |A(")| ^ 0, by lO, we obtain On ^ 0. Let 



In this step we will prove that (tt. A'' t'' (")) e Z(7f). As Arg(A^^"^ + zt)"^) 



Arg(Aj"^ + ir}"^) for j = 1, . . . , d - 3 and -7r/2 < Arg(A^^"^ + irj"^ < for 
j — d — 2,d— l,d, we have 

Arg(A;(") + it;^) = Arg(A^(") + zrj")) + ^/2 - Arg(A(") + zr^")) - 7r/2 

for j = 1 , . . . , d — 3 and 

~n/2 < Arg(A;(") + zrj^"') = Arg(Af + zrj"^) + 7r/2 - Arg(A(") + zr}")) < 7r/2 
for j = d — 2, d — 1, d. It follows that 

(14) X'j ^"^ = 0, tJ > for j = 1, . . . , d- 3 and A^^ ^"^ > for j = d- 2, d- 1, d. 
Since t(") e i?^, we have < Arg(X;i=i A^^"' + ir^"^) < tt/2, and hence 

Arg(^ AI^") +zr,^(")) = Arg(^ A^ + zrf )) + ^« > Arg(^ A^ + zr^")) > 



p (") 



fc=l 



fc=l 



fc=l 
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for j = 1, . . . , d - 1. Therefore, Yli=i ^ ' > for j = 1, . . . , d - 1. By (HH), 
> Arg( J2 A^^")+^rfVArg(rl")+a("^) 

7fi(fe)<i 

= Arg( Y: A^''nzr(")) + ^. = Arg( J] A;'") + ^r^^")) 

and hence E*i(fc)<j ^fe '"^ < for all j = Therefore, (tt, A"^ t"^ G 

n{C). In view of ((111), it follows that (tt, A'-("),t'-(")) g Z(7f). 
Step 4. Let 

= e('=")(^,A)*A^'(") = |A(")|e('=")(^,A)*A^'(") = e('-")(7r,ArAp(") ^ 
^ ' ' ' ^ ^ |e('=")(^,A)*A(»)| 



Since j/(e('=") (tt. A)*) < T, by lH, 
|j^,(„)_^ll^ e('=")(^,A)*Af(") e('^-")(7r,ArA(") 



2r2 

< r2t!AP(")-A(")|| < — . 

n 



|e('^-")(7r,A)*A(")| |e('^")(7r,A)*A(«) 
Moreover, by Remark [2l 

and 

7^fc„(^^^b(")^^) ^ (^,e('=")(7r,A)-i*A''("),e('="n^,A)-i*r) = A^^"), r^")). 

Hence M(7f, Ap("), r(")) = A/(7r, A^("), r). In view of {3]), it follows that 

Af(7f,A''("),r'-(")) =Z^e„M(7f,Af ("),t(")) =We„M(7r,A''("),T). 

Since ||A''^"' — A|| <2/n and 6'„ — > 0, by the continuity of the map M (see Proposi- 
tion[3l) and the flow {Us)sm, it follows that M(7f, A'' r'' M(7r,A,r) in the 
moduli space for every (tt, A,r) £ B C H{C). Furthermore, for every real s > we 
have M(7f,sA'^("\r''(")) ^ M(7r,sA,T). 

Let i? = {(vr, sA,t) G WCC) : (tt, A,t) G i?}. Since the topological support of m 
is H{C) and m{B'^) = 0, the set B is dense in Ti.{C), and hence B is dense in 'H{C). 
As (7f,sA''("\r''(")) G Z(7f), it follows that M(Z(7f)) is dense in M(?t:(C)). □ 

Lemma 11. Suppose that A = {1, . . . , d} with d > 4 and tt G V*^ is a standard 
pair such that ttq — id. Assume that ti, . . . ,Td are independent over an additive 
subgroup A C M. Let h — —flTfT. Then hd-2, ^d-i, are also independent over A. 

Proof. Suppose that ai/ici_2 + a2/id-i + as^d = and ai, 02, as G A. Since tt G T'^, 
we have 7fi((i — 1) ^ 7fi((i — 2) + 1. Hence there exists 1 < s < d — 1 such that 
^s{d-2) 7^ ^s(d-i)- Since tt is a standard pair, 

hd-2 = Ti + . . . + ils (d-2)Ts + • • • - Td 
hd-1 = Ti + . . . + rig {d-l)'''s + ■ ■ ■ ~Td 
hd = Tl + ...+Ts + ...+Td-l, 

and hence 

(ai + 02 + a3)ri + . . . + (aiil^ (^-2) + a2f^s (d-i) + aa)^^ + • • • + (-ai - a2)T<i = 0. 
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Therefore 

ai + 02 + as = ai^s (d-2) + 0-2^3 (d-i) + 03 = ai + a2 = 0. 
Since i^s(d-2) 7^ ^s(d-i), it follows that ai = 02 = 03 = 0. □ 

Theorem 12. If g > 2 then for every stratum Tig (mi, . . . , TOk) there exists a dense 
subset Timm C TigirrLi, . . . , m^) smc/i i/iai /or every (M, w) G Timm iis vertical flow 
is mildly mixing. 

Proof. By Proposition [2] and Remark [J, there exists a finite family C of Rauzy 
classes in Vj^ (#-4 = d = 2g + k — 1 > 4) such that yj(j^QM{T-L{C)) is dense in 
Hg{mi, . . .,m^). 

Let ^ = {1, . . . , 0?}. In view of Proposition [4] and Lemma [TOl it suffices to show 
that for every tt standard pair in C such that ttq = id and for every (tt, A, r) e ^(tt) 
there exists a sequence {(tt, A", T")}„gN in ^(tt) such that (A", r") ^ (A, r) and the 
vertical flow for M(7f, A",r") is mildly mixing. Without loss of generality we can 
assume that |A| — 1. Moreover, we can also assume that Ad_2, Ad_i,Ad are positive 
and Xd-2 ^ Arf, because the set of all (tt , A, r) £ -Z'(7f) satisfying this condition is 
dense in Z(7f). 

Suppose that (tt. A, r) is an element of Z{Tt) such that Ac;-2, Ad_i,Ad are positive 
and \d-2 7^ Ad. Let h = ft,(r) = — riTfT. Since (tt. A, r) G -^(tt) and 7f is a standard 
pair, by Lemma[Tl the vertical flow for M(7f, A, r) is isomorphic to the special flow 
A)' '^'^^'"^ ^(fr A) ^'^ exchange on three intervals such that tt G 'P^^_2 is 
equal to 

_( d-2 d-l d \ _(d-2 d-l d \ 

d d-2d-l)°^'''^\ d d~l d-2 J' 

A = (Ad-2, Ad-i, Ad) G A{d_2,d-i,d} and is determined by /i = {hd-2, hd-i, hd). 
Let 7 = 7(^,A). Since p-, : A^Jd^24^i.d} ^ /'7(A]'d_2,d_i,d}) C [0,1]^ is a diffeo- 
morphism and 9Jl is dense in [0, 1]^, we can find a sequence {{^2-2^ ^d-i' A3)}neN 
in ^{d-2.d-i.d} such that 

(AS_2,AS_i,AS) ^ A and pin,{Xd-2,K-iAd)) ^ Pyiyd-2,^d-iAd) e 

Setting A" = (0,...,0,A3_2,A3-i,AS) G A^, we have A" - (A^^^, A^^i, A^) and 
A" A. Since 'J^x" open, there exists a sequence {T"}„gN such that r" G 
^A"i t" — * T and t", ■ ■ ■ are independent over Q + Qa(7r, A"). In view of 
LemmafTTl hd-2{T^), ^d-2(T"), hd{T^^) are also independent over Q+Qa(7f, A"). By 
Corollaryini it follows that T^^^^]^ is mildly mixing. Consequently, the vertical fiow 

of M(7f, A",r") is also mildly mixing. As (tt, A",r") G Z{t:) and (A",t") -> (A,t), 
the theorem follows. □ 

Corollary 13. If g > 2 then the set of Abelian differentials in Tig for which the 
vertical flow is mildly mixing is dense in Hg. 
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6. Measure-theoretical equivalence of Abelian differentials and 

SOME ORBITS OF THE TEICHMULLER FLOW 

Definition. Two Abelian differentials {M,uj) and {Al\uj') are measure-theoretical 
isomorphic if there exists a measure-preserving invertible map ^/j : {M,uj) {M',uj') 
such that V o = Tf''^ o ^ for every 9 e and s e R. 

For every stratum T-Lg(mi, . . . , let {Tt)t^^ stand for the Teichmiiller geodesic 
flow on Hg{mi, . . . ,1x1^). As a consequence of results from previous sections we 
obtain the following. 

Theorem 14. If g > 2 then there exists a dense subset H.' C Tig (mi, . . . , itik) such 
that for every {M,uj) e H' the Abelian differentials {M,uj) and Ts{M,uj) are not 
measure-theoretically equivalent for every real s ^ 0. 

Proof. By Proposition [8] and the proof of Theorem [l2l there exists a dense subset 
H' C Hg{mi, . . . .m^) such that for every (M, £ H' ii J- stands for its vertical 
flow then the flows J^* and T are not isomorphic for every positive t ^ 1. Moreover, 
every element of Ti' can be represented in the form M(7r, A,t). Fix (Af, e H' 
and real s 7^ 0. By !F denote the vertical flow for %{M,bj). Let (vr. A, r) G 'W(C) 
be a triple such that M(7r, A,t) = (M, w). Then 

r,(M,w) =r,M(7r,A,r) =Af(r,(7r,A,r)) =M(7r,e^A,e-V). 

It follows that T is isomorphic to the special flow T^^'-^,^^^ = e^'xi^ ■ l^oreover, 

'^{ir e'X)^ is isomorphic to {tI^^^'^^ via the map {x,y) ^ {e~^x,e'^y). It follows 
that T is isomorphic to T'^ . Therefore T is not isomorphic to T. □ 
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